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Using mean-field improved gauge field configurations, we compare the results obtained for the quark propagator 
from Wilson fermions and Overlap fermions on a 12 3 x 24 lattice at a spacing of a = 0.125(2) fm. 
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1. INTRODUCTION 

In QCD, asymptotic freedom states that at 
short distances the effective coupling constant 
vanishes. In that regime the interaction between 
quarks and gluons is largely reduced. The dy- 
namics of these particles can be studied through 
their propagators in momentum space. The 
quark propagator is really a description of how 
the quark propagates in the QCD vacuum and 
is one of the most fundamental building blocks 
of QCD. By studying the momentum dependent 
quark mass function in the infrared region, the 
scalar part of the propagator, we can gain some 
insights into the mechanism of chiral symmetry 
breaking. Chiral symmetry is dynamically bro- 
ken in the QCD vacuum. This gives rise to mass 
generation in the infrared. 

In the deep infrared region, artifacts associated 
with the finite size of the lattice spacing become 
small. This is the most interesting region as non- 
perturbative physics lies here. However, the ul- 
traviolet behaviour of the propagator at large mo- 
menta will in general strongly deviate from the 
correct continuum behaviour. This behaviour will 
be action dependent. 

In this brief report we compare the quark prop- 
agators of Wilson and overlap fermions. Addi- 
tional details may be found in Ref. 

1.1. The Quark Propagator 

In the continuum, it is possible to study dy- 
namical chiral symmetry breaking (DCSB) using 
the renormalized quark Dyson— Schwinger equa- 
tion (quark-DSE) in Euclidean space. In this 
equation, information about the renormalized 



dressed gluon propagator and dressed quark- 
gluon vertex is embodied. The quark propagator 
has the general form 



S(p) 



i 1 - P A(j>^c) + B(p^e) 

z(p 2 -,C 2 ) 

i~fP + M(p 2 ;( 2 )' 



(1) 



where M = B /A and Z = 1/A. Here, the param- 
eter C represents the renormalization point. The 
functions A(p 2 ; £ 2 ) and B(p 2 ; £ 2 ) carry all the ef- 
fects of vector and scalar quark dressing induced 
by the quark interactions with the gluon field. 

Through this simple form we can extract the 
quark mass function M(p) and renormalization 
function, Z(p). 

2. QUARK PROPAGATOR ON THE 
LATTICE 

On the lattice we expect the bare quark prop- 
agators, in momentum space, to have a similar 
form as in the continuum [^-^|. Hence, the di- 
mensionless inverse lattice bare quark propagator 
takes the general form of 



s-\ P ) = 



]C^p)^ +B(p) 



(E„Cm(p)7m) + g(P) 
C 2 {p) + B 2 {p) : 



(2) 



with C 2 (p) = E^Mp)) 2 - The discrete mo- 
mentum values for a t-antiperiodic lattice of size 
AT 3 x N t , with rii = l,..,JVj and n t — l,..,N t , 
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The quark propagator is 



S{p) = -i (E C »7^ +B(p). 



(3) 



Taking the trace we obtain 
i 

W, 
1 

W L 

which we use to construct the C M (p) and B{p) 



B(p) 



-Tr[7 |t S'(p)], and 
-Tr[S(p)], 



(4) 



<^(p) 



and £? (p) 



(5) 



2?(p) s v<j>y 

where 2?(p) = C 2 (p) +B 2 (p). At tree-level the 
lattice quark propagator takes the same form as 
in Eq. (||) and we know that the free propagator 
(SW (p))- 1 = (Z(°) (p))- 1 [iff + M (°) (p)] , where 
— > p^ as p^ — > 0. It is then possible to 
extract the momentum directly from the lattice 
by calculating 

4%) 



cf\ P ) 



(C( a )(p)) 2 + {B(°){ P )) 2 ' 
Results are displayed in Fig. [j} 



(G) 



2.1. Mass and Renormalization Functions 

The dimensionless inverse lattice bare quark 
propagator takes the form 

S-\p) = iaiA{p) + B(p) 

= [Z L (p)]- 1 (ia^ + M L (p)), (7) 

where M L (p) = B{p)/A(p) is the lattice quark 
mass function and Z h (p) = 1/A(p) the lattice 
renormalization function. The functions A(p) and 
B(p) may be written as: 



A(p) 



and -B(p) 



(8) 



v{ P y yi > v{ P y 

where V{p) — A 2 (p)q 2 + B 2 (p). Hence an equiva- 
lent definition for the quark propagator is S(p) = 
—ia^A{p) + B(p). Extracting the functions A(p) 
and B(p) is done via: 



A( P ) = 



AN c aq 2 



T±\iS(p)], 



and 



1 



(9) 
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Figure 1. The lattice momentum q versus the 
discrete momentum p, both in GeV. Overlap (□) 
and Wilson fermion (o) momenta are indicated. 
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Figure 2. The uncorrected mass function M(q 2 ) 
for Wilson fcrmions. 



In Fig. |2j we show the uncorrected mass func- 
tion for Wilson fermions, where we can see a large 
divergence in the ultraviolet region. 

2.2. Tree Level Correction 

The tree-level multiplicative correction is given 

by 



A^(y)= A{p) 1 B^(v) 



B(°)(p) 



(10) 
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where A^(p) and B^(p) are obtained from 
S^(p). Then tree-level corrected mass and 
renormalization functions are constructed using 
Eq.© 



mW c 2 )=(Sm)- zM «=i4)' (11) 

3. FERMIONS ON THE LATTICE 

3.1. Wilson Fermions 

The Wilson fermion || action on the lattice is 
defined as, 

Sw[U,lp,ip] = ^2tp(x)D w (x,y)ip(y), 

xy 

with Dw(x,y) the usual Wilson fermion oper- 
ator. The lattice bare mass is related to the 
hopping parameter via k — l/(2m q a + 8r) and 
m 9 = (l/2a)(l/K-l//s c ). 

3.2. Overlap Fermions 

The overlap fermion || realizes exact chiral 
symmetry on the lattice 



£>(/*) = 



1 + n + (1 - M ) 



with 0</i < 1 describing fermions with a pos- 
itive mass from to oc. The hopping param- 
eter is given by k — l/(— 2m + 8r) and m = 
(1/2k c — 1/2/t). To describe a single massless 
Dirac fermion for D(0) we must have <m < 2 
at tree-level. The overlap propagator is given by 



D-\ f x) = (l- f x)- 1 [D-\f,)-l], 



(12) 



and is related to the continuum propagator by 
D~ l (m q ) = Z^D^ 1 ^), and similarly for the 
quark mass m q — Z~ 1: 



At tree-level it is found that Z^ 
2m, and the free propagator becomes 



(0) 



Di°h 



m„ 



zfmw 



and when the interactions are turned on we have 

[BcKr 1 = [z^D^) 

where Zj, = Z~ . 
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Figure 3. The mass function M(q 2 ) for overlap 
fermions (full data) for the ten different masses. 



4. NUMERICAL RESULTS 

Using fifty improved gauge field configura- 
tions, on a 12 3 x 24 lattice with a = 0.125(1) 
fm, the overlap quark propagator is calcu- 
lated for ten different masses, m q = Z^ji = 
{126, 147, 168, 210, 252, 315, 420, 524, 629, 734} 
MeV. Results are illustrated in Figs. || and |J. 

For Wilson fermions, using a hundred con- 
figurations, five masses are considered, namely 
m q = {221,181.5,138.3,99.91,62.04} MeV. Re- 
sults are displayed in Figs. || and |[ 

A linear extrapolation is used to compare the 
two actions. In Fig. |?] we show the linearly ex- 
trapolated quark mass function for both actions 
plotted versus the discrete momentum p. When 
plotting M and Z versus the lattice momentum, 
q, the points are pushed away from the origin in 
the case of overlap fermions as opposed to Wil- 
son fermions where the points are pulled towards 
the origin. The overlap action (plotted as □) pro- 
duces in the deep infrared M(0) = 297(11) MeV. 
Comparing with the Wilson fermion action (x) 
we see a clear superiority of the overlap action 
over the Wilson action. Wilson fermions show a 
significant dip between 0.8 GeV and 2.0 GeV. 

The linearly extrapolated renormalization 
function is shown in Fig. |[ In the deep infrared 
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Figure 4. The renormalization function for over- 
lap fermions (full data) for the ten different 
masses. The function is renormalized at C = 8.2 
GeV. 



for the overlap action we have Z(0) — 0.48(2) 
with the renormalization point located at £ = 3.9 
GeV. 

5. SUMMARY 

Tree-level correction represents a crucial step 
and a powerful tool for correcting the Wilson 
action results. The division method produces a 
smooth quark mass function throughout the mo- 
mentum spectrum. We are able to gain some 
insights into the analytic structure of the over- 
lap quark propagator: B^(p) = Z/t fi and 
^4(°) (p) = 1 . The overlap produces very good re- 
sults for M(p) and Z(p). No tree-level correction 
is required for overlap fermions. 



Figure 5. The tree-level corrected mass function 
M^°\q 2 ) for Wilson fermions (half cut data). 
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Figure 6. The tree-level corrected renormaliza- 
tion function for Wilson fermions (half cut data) . 





Figure 8. Comparison of the linearly extrapolated 
renormalization function for Wilson fermions ( x ) 
and overlap fermions (□), (cylinder cut data). 



Figure 7. Comparison of the linearly extrapolated 
mass function M for both Wilson fermions (x) 
and overlap fermions (□), (cylinder cut data). 
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Table 1 



The next-to-leading 


; order (NLO) results without the pion field. 




A (McV) 


140 


150 


175 


200 


r d (fm) 


1.973 


1.972 


1.974 


1.978 


Qd (fm 2 ) 


0.259 


0.268 


0.287 


0.302 


Pd (%) 


2.32 


2.83 


4.34 


6.14 




0.867 


0.864 


0.855 


0.845 


M M i (fm) 


3.995 


3.989 


3.973 


3.955 


A^gt (fm) 


4.887 


4.881 


4.864 


4.846 


5Xi (%) ' 


-0.45 


-0.45 


-0.45 


-0.45 


s?i c (%) 


0.03 


0.03 


0.03 


0.03 


-5fB 2:N (%) 


-0.19 


-0.19 


-0.18 


-0.15 



The experimental values are given in ref. 
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Figure 2. Remember to keep details clear and 
large enough. 



Figure 1. Good sharp prints should be used and 
not (distorted) photocopies. 



3.5. Black and white photographs 

Photographs must always be sharp originals 
(not screened versions) and rich in contrast. 
They will undergo the same reduction as the text 
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4. EQUATIONS 

Equations should be flush-left with the text 
margin; ETgX ensures that the equation is pre- 
ceded and followed by one line of white space. 
ETeX provides the document class option f leqn 
to get the flush-left effect. 

H aP (w)=E<?\w)8 afl + (a\W*\l3) (1) 

You need not put in equation numbers, since 
this is taken care of automatically. The equation 
numbers are always consecutive and are printed 
in parentheses flush with the right-hand margin 
of the text and level with the last line of the equa- 
tion. For multi-line equations, use the eqnarray 
environment. 

For complex mathematics, use the ,/ty^iSmath 
package. This package sets the math indenta- 
tion to a positive value. To keep the equations 
flush left, either load the espcrc package af- 
ter the AjuSmath package or set the command 
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\mathindent=Opt in the preamble of your arti- 
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